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Abstract

Homotopy type theory is built around a core of intensional Martin Löf dependent
type theory, with a homotopical view of identity types. To understand the
(higher) categorical semantics of HoTT, we must understand the categorical
semantics of these two components.

The original contribution and the main focus of this dissertation is anundergraduate-
level exposition of the categorical semantics of dependent types, with frequent
reference to the well-understood Curry-Howard correspondence (“propositions
as types”). We present two different sorts of models (categories with families,
comprehension categories) of dependent types, and conclude that the motto is
“types as fibrations”.
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Chapter 1

Introduction

There is a syntax/semantics duality between type theory and category theory.
We can think of type theories as being a formal syntactic system for reasoning
about categories, and in the other direction we can interpret types and typed
terms as objects and morphisms in an appropriate category. There is a further
connection between the study of logic and proofs, and type theory—the “propo-
sitions as proofs” paradigm, where we view propositions as types, and proofs as
typed terms.

The fundamental example of this viewpoint is the Curry-Howard correspon-
dence between intuitionistic logic and the simply typed lambda calculus, which
was first presented explicitly in [How80]. This connection was further expanded
by Lambek, who realized that cartesian closed categories (CCC) provide suit-
able semantics for the lambda calculus ([Lam85]). By this we mean that any
type judgement Γ ` s : A of the lambda calculus can be translated into an arrow
JsK : JΓK→ JAK in any CCC C, and this translation is sound and complete.

Martin Löf’s intuitionistic (or constructive) dependent type theory (ML)
is a richer type theory than the lambda calculus where types may depend on
other types. It was introduced in [Mar75; Mar82; MS84] as a formal system
for constructive mathematics. One particularly interesting feature of ML is its
identity types IdA(a, b). Terms of this type can be regarded as “proofs that a
and b are equal”, or as “identifications of a as b”, or as “paths from a to b”.
Extensional ML adds rules that make identity types sub-singletons: they are
either uninhabited, or have only a single element. If we do not add this rule,
we have an intensional type theory, where identity types may contain many
(possibly unequal) proofs of equality. In this case, types may be interpreted as
having a groupoid structure provided by their identity types, as noted in [HS95].

In fact, this groupoid structure should be higher dimensional, as from any
terms a, b : A and p, q : IdA(a, b) we can form the higher identity type IdIdA(a,b)(p, q).
When we view identity terms as paths, higher identity types are the type of paths
between paths, i.e. homotopies. Thus we get homotopy type theory, a homotopi-
cal view of type theory, which has been proposed as a formal foundation for
mathematics, and as a syntax for doing homotopy theory ([Uni13]).
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The goal of this dissertation is to explain the categorical semantics of ML
type theory. In chapter 2 we describe the rules of ML, and provide some back-
ground and intuition for the homotopical viewpoint. In chapter 3 we show
how to model dependent types categorically as categories with families, or more
generally as comprehension categories (the “types as fibrations” paradigm).
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Chapter 2

Background

2.1 Intuitionistic logic and constructivism

One of the axioms of classical logic is that for every proposition A, we may
deduce A∨¬A—the law of the excluded middle (LEM). In particular this allows
us to perform proofs by contradiction: to prove A assume ¬A, derive falsity, and
conclude that Amust hold. If A is a statement of the form “there exists an object
x with property P”, we might prove it by constructing some object x and proving
that x does indeed satisfy P . On the other hand, a proof by contradiction may
not be very satisfying as it doesn’t actually construct a specific object with
property P .

Constructivism is an approach to mathematics where proofs of existential
statements must be explicit constructions. The logic of constructive mathemat-
ics is intuitionistic logic, which differs from classical logic in that LEM is not
universally true.

In classical logic we can express implication as A ⊃ B ≡ ¬A ∨ B. This is
not so constructively—rather we think of proofs of A ⊃ B as procedures that
transform a proof of A into a proof of B.

2.2 Curry-Howard

For lack of space, we will not go into the details of correspondence between
the simply typed lambda calculus and CCC, but we will refer to it frequently
for motivation and context. A lucid presentation can be found in [AT10].The
important things to note are that:

• The primitive objects of the simply typed lambda calculus are judgements
of the form x1 : A1, . . . xn : An ` s : A where x1, . . . xn are variables, s is a
lambda term, and A1, . . . An, A are types. Such a judgement is translated
into an arrow JsK : JA1K× · · · × JAnK→ JAK
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• This translation is inductive, and corresponds to the typing rules—the
translation of a complex judgement Γ ` s : A is built up from the trans-
lations of its components. Since the lambda calculus has a rule to form
product types, we need to come up with a way to interpret product types,
which turns out to be the categorical product.

Intuitionistic Logic Simply Typed λ-calculus Cartesian Closed Category
Proposition Type Object
Proof Term Morphism
Implication Function type Exponential object
Conjunction Product type Product object

2.3 Dependent Type Theory

The simply typed lambda calculus has type constructors that allow for the
building of new types from previous ones. The product type A×B is composed
from the types A and B. We may think of these type constructors as functions
at the type level—they take types as arguments and return types as outputs.
Dependent type theories add type constructors that may take values as inputs.
In ML type theory there is one primitive type; the unit type 1, and three type
constructors; the dependent product Π, the dependent sum Σ, and the identity
type Id. We will briefly attempt to build some intuition about these.

For any type A and any two terms a, b : A we can form the identity type
IdA(a, b). The terms of this type can be regarded as “proofs that a and b are
equal”, or as “identifications of a as b”, or as “paths from a to b”. Of course,
if we have two terms p, q : IdA(a, b) we may form the type IdIdA(a,b)(p, q) whose
elements are proofs that p and q are equal, and so on. If we have constructed
a term p : IdA(a, b) we say that a and b are propositionaly equal, and we may
write this as a b.

If A is a type and B(x) is a type depending on A—that is for any a of type
A, B(a) is also a type—then we can form the dependent product type Πx:AB(x).
The terms of this type are dependent functions f that for every input a : A have
an output f(a) : B(a). We may also form the dependent sum type Σx:AB(x),
whose terms are (a, b) where a : A and b : B(a).

If x is not a free variable of B then for any a : A B(a) is just the type B.
In this case we write the dependent product type Πx:AB as A → B, and the
dependent sum type Σx:AB as A×B.

The unit type 1 has a unique term ?, in the sense that if a : 1 we can
construct a witness of equality between a and ?, a term p : Id1(a, ?).

Remark 2.3.1. One application of dependent types is in more powerful type
systems for functional programming. For example, given a natural number n
and a type A we can define a type Vec(n,A) of vectors of length n with elements
in A by the rules

A Type

nil : Vec(0, A)
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x : A xs : Vec(n,A)

cons(x, xs) : Vec(n+ 1, A)

These are inductive rules of the same sort as we have seen in the typed
lambda calculus. The first rule, for example, should be interpreted as saying “if
A is a type then there is a term nil of type Vec(0, A)”. Hence we could define
a dependent function

add : Πn:N (Vec(n,N)→ Vec(n,N)→ Vec(n,N))

that adds two vectors of natural numbers. Note that the type signature requires
the two arguments have the same length, and guarantees that the result has the
same length too.

Remark 2.3.2. Another reason dependent type theories are useful is that they
model (intuitionistic) first order logic. Predicates correspond to Dependent
types, universal quantification to dependent functions, and existential quantifi-
cation to dependent sums.

We now give an informal overview of ML type theory, mostly following
[Gar09] but with some differences in notation. For a precise treatment see
[Hof97].

There are three sorts of familiar syntactic objects we will deal with: types,
terms, contexts, and variables which may occur in both types and terms and
represent types and terms.

Syntax Notation
Types A,B,C, . . .
Terms a, b, c, . . .
Contexts Γ,∆,Θ, . . .
Variables x, y, z . . .

A context is a list Γ = x1 : A1, . . . xn : An associating to each variable xi
a type Ai. We require that the free variables of each type expression Ai are
contained in {x1, . . . xi=1}, and that each Ai actually is a type in the context
x1 : A1, . . . xi−1 : Ai−1 (that is, we can make the judgement x1 : A1, . . . xi−1 :
Ai−1 ` Ai Type). We denote the empty context by [].

We will have four sorts of judgements:

Judgement Meaning
Γ ` A Type A is a type
Γ ` a : A a is a term of type A
Γ ` a ≡ b : A a and b are definitionaly equal terms of type A
Γ ` A ≡ B Type A and B are definitionaly equal types

These have obvious well-formation requirements—to make the judgement
Γ ` a = b : A we need to have Γ ` a : A, Γ ` b : A, and Γ ` A Type, and so on.
We may omit the context if it is empty or implicit.
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Remark 2.3.3. Note that it only makes sense to call an expression A a type if
we have a context Γ and a judgement Γ ` A Type, and likewise for terms. We
will commit a slight abuse of notation and nonetheless refer to expressions that
are syntactically well-formed as types and terms, even if we may not have an
appropriate judgement. For example, we will call Vec(n,A) a type, and λx.y a
term, even in the lack of a typing judgement.

Remark 2.3.4. Definitional equality, also known as judgemental equality, is a
syntactic notion, for when two things are equal by definition. As an example,
if we defined the functions f, g : N → N by f(x) ≡ 2 + x, g(x) ≡ x + x then
we could make the judgement f(2) ≡ g(2) : N. Definitional equality is different
from propositional equality, which is a semantic sort of equality inside the type
theory. In particular we are not able to express notions like “if a ≡ b then ...”
inside the theory, though of course we can do so in the metatheory.

The next thing to do is specify the rules of inference. There are equality
rules, which say that definitional equality is reflexive, symmetric, and transitive.
Furthermore, definitional equality is a congruence. We also have the standard
structural rules of context weakening, exchange, and contraction.

We will take substitution (on both terms and types) as a primitive notion in
the metatheory, and denote it in the standard way; A[B/x] is A but with every
instance of the variable x replaced with B. If A is a type possibly containing
a variable x, we may write it explicitly as A(x), and denote the substitution
A[B/x] as A(B) (and likewise for terms).

The rules for the unit type are:

1-form
1 Type

1-intro
? : 1

x : 1 ` C(x) Type d : C(?)
1-elim

x : 1 ` Ud(x) : C(x)

x : 1 ` C(x) Type d : C(?)
1-comp

Ud(x) ≡ d : C(?)

The first two rules assert the existence of the primitive type 1, and a canon-
ical term ?.

The next two say that if we have a type C(x) dependent on 1, and a term
d of type C(?), we can form a term Ud(x) of type C(x) which is definitionaly
equal to d when we take x to be canonical element ? of 1.

The next types we introduce will also have formation and introduction rules
that tell us how to create new types and canonical terms, and elimination and
computation rules, that specify how to “consume” the canonical terms.

The rules for the dependent product type are:

A Type x : A ` B(x) Type
Π-form

Πx:AB(x) Type

7



x : A ` f(x) : B(x)
Π-abs

λx.f(x) : Πx:AB(x)

f : Πx:AB(x)
Π-app

fx : B(x)

x : A ` f(x) : B(x)
Π-β

y : A ` (λx.f(x))y ≡ f(y) : B(y)

The rules for the dependent sum type are:

A Type x : A ` B(x) Type
Σ-form

Σx:AB(x) Type

a : A b : B(a)
Σ-intro〈a, b〉 : Σx:AB(x)

z : Σx:AB(x) ` C(z) Type x : A, y : B(x) ` d(x, y) : C(〈x, y〉)
Σ-elim

z : Σx:AB(x) ` Ed : C(z)

z : Σx:AB(x) ` C(z) Type x : A, y : B(x) ` d(x, y) : C(〈x, y〉)
Σ-comp

x : a, y : B(x) ` Ed(〈x, y〉) ≡ d(x, y) : C(〈x, y〉)

Finally, we have the rules for the identity type:

A Type a, b : A
Id-form

IdA(a, b) Type

a : A
Id-intro

r(a) : IdA(a, a)

x, y : A, p : IdA(x, y) ` C(x, y, p) Type x : A ` d(x) : C(x, x, r(x))
Id-elim

x, y : A, p : IdA(x, y) ` Jd(x, y, p) : C(x, y, p)

x, y : A, p : IdA(x, y) ` C(x, y, p) Type x : A ` d(x) : C(x, x, r(x))
Id-comp

x : A ` Jd(x, x, r(x)) ≡ d(x) : C(x, x, r(x))

These rules comprise the intensional version of ML type theory. The extensional
theory adds the following rules, which are not derivable from the previous rules:

a, b : A, p : IdA(a, b)
Id-ext

p ≡ r(a) : IdA(a, b)

f, g : Πx:AB(x) x : A ` fx ≡ gx
Π-ext

f ≡ g : Πx:AB(x)
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Note that for the judgement p ≡ r(a) : IdA(a, b) to be well formed we also
require that a ≡ b : A. So the Id-ext rule says that if the identity type IdA(a, b)
is inhabited by a term p, then in fact a ≡ b, and p ≡ r(a). In this case the
groupoid structure on types is trivial, there are no higher dimensional features.
On one hand, this makes the type theory rather less interesting, but it has
the benefit of simplifying the categorical semantics. Perhaps surprisingly, while
intensional ML has decidable type-checking, extensional ML does not ([Hof95].

We can prove the claim mentioned earlier:

Proposition 2.3.1. Every term a : 1 is (propositionaly) equal to ?.

Proof. Translating this statement into type theory yields the type Πx:1Id1(x, ?).
So to prove the claim it is sufficient to construct a term of the appropriate type,
which we do below.

x : 1 ` Id1(x, ?) Type r(?) : Id1(?, ?)

x : 1 ` Ur(?)(x) : Id1(x, ?)

λx.Ur(?)(x) : Πx:1Id1(x, ?)

We would also like to prove that propositional equality actually acts like
equality, that is:

Proposition 2.3.2. For any type A the following hold:

(refl.) For all a : A we have a a

(sym. If a b then b a

(trans.) If a b and b c then a c

Proof.
Suppose A Type.

(refl.) We want a term refl : Πx:AIdA(x, x). Take refl to be λx.r(x).

(sym.) We want a term sym : Πx:AΠy:AΠp:IdA(x,y)IdA(y, x). Using Id-elim we
can form the judgement x, y : A, p : IdA(x, y) ` Jr(x)(x, y, p) : IdA(y, x).
Then, if we take sym ≡ λx, y, p.Jr(x)(x, y, p), repeated application of
Π-abs will give us the desired judgement.

Remark 2.3.5. Note that sym has the property that
sym(x, x, r(x)) ≡ r(x). When x, y : A are clear from context we will write
sym(x, y, p) as p−1.

Remark 2.3.6. What we’ve done in this proof is specify that if x ≡
y and p ≡ r(x) : IdA(x, y), we want sym(x, y, p) ≡ r(x) : IdA(y, x).
The Id-elim rule provides us with a term Jd(x, y, p) that extends sym.
This is sometimes called the path induction principle—by specifying the
value of a function on the canonical elements of IdA(x, y) (the constant
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reflexive paths r(x) : IdA(x, x)) we can define a function on all the paths
in IdA(x, y).

Compare with the familiar induction principle on N. To define a function
f : N → X it is sufficient to specify a value for f(0) and a way of
generating f(n+ 1) from f(n). This works because N is generated by 0
and the successor operation +1. Similarly, the path induction principle
says that identity types are in some sense generated by the constant
paths.

(trans.) We want a term tran : Πx:AΠy:AΠz:aΠp:IdA(x,y)Πq:IdA(y,z)IdA(x, z). As
IdA(x, z) doesn’t actually depend on p and q, we may also write this
type as
Πx:AΠy:AΠz:A (IdA(x, y)→ IdA(y, z)→ IdA(x, z)). By the path induc-
tion principle, we may assume that x ≡ y ≡ z and p ≡ q ≡ r(x). Then
we will take the value of trans(x, y, z, p, q) to be r(x) : IdA(x, z).

Remark 2.3.7. Note also that trans has the property that
trans(x, x, x, r(x), r(x)) ≡ r(x). When x, y, z : A are clear in context we
will write trans(x, y, z, p, q) as p � q, to be regarded as the concatenation
of the paths p and q.

2.4 Homotopy type theory

We will not go into the full details of homotopy type theory as presented by the
Univalent Foundations Program in [Uni13]. In particular we will not concern
ourselves with the univalence axiom, or higher inductive types. What we are
primarily interested in is homotopical interpretations of type theory, like the
groupoid interpretation of types.

We will first show that identity terms with “concatenation” really do behave
like paths in a topological space. For example, we want p : IdA(x, y) concate-
nated with the constant path r(y) to be just p. We don’t mean that p � r(y)
is definitionaly equal to p, but that it is homotopic to p. In other words, that
there is a term q : IdIdA(x,y)(p � r(y), p). The term q is a homotopy between the
paths p � r(y) and p.

Proposition 2.4.1 (Lemma 2.1.4 in [Uni13]). Let x, y, z, w : A and p : IdA(x, y), q :
IdA(y, z), r : IdA(z, w). Then we have that:

1. p p � r(y) and r(x) � p p.

2. p−1 � p r(y) and p � p−1  r(x)

3. (p−1)−1  p

4. p � (q � r) (p � q) � r

Proof. Proven in [Uni13], using path induction.
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The groupoid interpretation was introduced by Striecher and Hofmann in
[HS95]. They showed that the rule Id-ext is not derivable from the other rules
of intensional ML type theory by constructing a model where it does not hold.

In their interpretation a type A is regarded as a groupoid whose elements
are terms a : A, and whose arrows p : a → b are terms p : IdA(a, b) (modulo
propositional equality). Identity arrows are a → a are given by r(a), compo-
sition by �, and inverses by p−1. Proposition 2.4.1 shows that all the rules of
a groupoid are indeed satisfied. In such a model the rule Id-ext corresponds
to the statement that every such groupoid has at most one arrow between any
two objects. So to refute Id-ext it is sufficient to construct “an interpretation
of type theory in which types are interpreted as arbitrary groupoids, provided
one succeeds in ascribing appropriate meaning to the type . . . formers [emphasis
added]”.
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Chapter 3

The semantics of dependent
types

Recall (from [AT10]) how we form the syntactic category of the simply typed
lambda calculus (STLC), or the term model. It is called the syntactic category
because the structure corresponds exactly to the syntax of the lambda calculus.
More precisely, for every type A we have an object [A], and we add an extra
object 1 (this will be terminal). The arrows are:

• For every equivalence class of terms t with x : A ` t : B we have an arrow
[t] : [A]→ [B]

• For every equivalence class of terms t with ` t : [B] we have an arrow
[t] : 1→ B

• For every type A there is a terminal arrow ! : [A]→ 1

Composition is given by substitution, for if x : A ` t : B and y : B ` s : C
then we may deduce x : A ` s[t/y] : C. It is not hard to verify that this is
indeed a cartesian closed category, and two arrows [t], [s] : [A] → [B] are equal
if and only if the representative terms t and s are equal.

We mentioned in the introduction that we consider objects of a CCC as
contexts. Why do we now say they are types? It is because a context of the
STLC Γ = x1 : A1, . . . xn : An is really no more that the sum (or rather, the
product) of its parts—we may equivalently consider the context x : A1×· · ·×An
(up to the appropriate bookkeeping).

In the theory of dependent types this is not the case; contexts have a more
rigid structure. Let’s try to recreate the substitution/composition analogy above
in dependent type theory. That is, suppose we have a judgement

x : A ` t : B(x) (3.1)

We want to compose this with a judgement of the form

y : B(x) ` s : C(y) (3.2)
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But already this doesn’t make sense—B(x) needn’t be a type if we don’t have
x : A.

Let us try again with the judgement

x : A, y : B(x) ` s : C(x, y) (3.3)

How can we compose the judgements 3.1 and 3.3 to get a judgement x : A `
· · · : C(x, · · · )? The same sort of substitution yields:

x : A ` s[t/y] : C(x, t) (3.4)

Note that we are explicitly writing out the free variables of C here. We could
have written judgement 3.3 as x : A, y : B ` s : C. Then we would write
judgement 3.4 with an explicit type substitution:

x : A ` s[t/y] : C[t/y] (3.5)

This style of notation shows what is going on more clearly. When we compose
judgements we do so in a base context that stays the same. The actual compo-
sition is performed by substitution in both types and terms. At this point, one
might imagine having, for every context Γ, a category of types and terms with
respect to Γ. The questions now are:

• How do these categories interact?

• What happens when we extend a context Γ (with Γ ` A Type) to the
context Γ, x : A? Can we transfer judgements made in Γ to judgements
in Γ, x : A?

• More generally, under what conditions can we translate a judgement made
in one context to another context?

Remark 3.0.1. It is at this point that Hofmann introduces a notion of “pre-
syntax” in [Hof97]. The idea is that pre-syntax includes terms, types, and
contexts which are well-formed but possibly not well-typed. By remark 2.3.3
we call Hofmann’s pre-terms just terms, and to specify that a term t is a term
in the sense of Hofmann, we say that there is a judgement Γ ` t : A. We do
however have the requirement that contexts be well-typed. In this section, we
relax that requirement and allow for contexts that may not be well-typed, like
Γ = x : A(y) where A is a type that depends on y. Only when a context appears
in a judgement will we require that it is well-typed.

3.1 More on contexts

To answer the questions above, we first define some rather technical notions
relating to contexts.

Let Γ = x1 : A1, x2 : A2(x1), . . . xn : An(x1, . . . xn−1) and ∆ = y1 :
B1, . . . ym : Bm(y1, . . . ym−1) be two contexts.
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Definition 3.1.1. A context morphism (also called a substitution or interpreta-
tion of variables) Γ → ∆ consists of m terms t1, . . . tm such that we have the
judgements:

Γ ` t1 : B1

Γ ` t2 : B2(t1)

· · ·
Γ ` tm : Bm(t1, . . . tm−1)

We may write this as (ti) : Γ→ ∆. If we have two context morphisms (ti), (si) :
Γ→ ∆ with

Γ ` t1 ≡ s2 : B1

Γ ` t2 ≡ s2 : B2(t1)

· · ·
Γ ` tm ≡ sm : Bm(t1, . . . tn−1)

we say that (ti) and (si) are equivalent, and denote this as (ti) ≡ (si).

Remark 3.1.1. We may think of a context Γ = x1 : A1, x2 : A2(x1), . . . xn :
An(x1, . . . xn−1) as a list of assumptions, that we have some terms xi of type
Ai. In this case, we can think of a context morphism Γ → ∆ as satisfying the
assumptions of ∆, given the assumptions of Γ. That is, if we are given terms
xi : Ai, a context morphism tells us how we may transform these (i.e. substitute
them into other terms) to produce terms yi : Bi.

Now, suppose further that n = m. We may rename (α-convert) the variables
of ∆ to those of Γ, replacing each yi with xi.

Definition 3.1.2. Say that Γ and ∆ are equivalent if we have the judgements:

` A1 ≡ B1 Type

x1 : A1 ` A2 ≡ B2 Type

· · ·
x1 : A1, . . . xn−1 : An−1 ` An ≡ Bn Type

In this case we write Γ ≡ ∆.

Remark 3.1.2. We could have included context equivalence as a judgement form
in our type theory, in the way of [Str12], but as [Hof97] points out, it is equally
valid to have equivalence of contexts as a derived notion.

We will now state some properties of context morphisms, but for brevity,
omit the proofs—they are straightforward induction arguments, and most can
be found in [Hof97].

Example 3.1.1. 1. For every context Γ there is a unique context morphism
() : Γ→ [].
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2. For every context Γ = x1 : A1, . . . xn : An the list of terms (xi) is a context
morphism Γ→ Γ, which we denote as idΓ. Let x be a fresh variable, and
Γ ` A Type. Then (xi) can also be regarded as a context morphism
Γ, x : A→ Γ. In this case we write it as p(Γ, A).

3. Let Γ = x1 : A1, . . . xn : An be a context, a be a term with Γ ` a : A, and
x a fresh variable. We can form a context morphism (ā) : Γ→ Γ, x : A by
taking (ā) = (x1, . . . xn, a).

4. Let γ = (ti) : Γ → ∆, where ∆ has n variables x1, . . . xn. Let Θ = y1 :
C1, . . . ym : Cm and suppose ∆,Θ is a well-typed context. Then
Γ,Θ[t1/x1, . . . tn/xn] is also a well-typed context. Furthermore there is a
context morphism q(γ,Θ) : Γ,Θ[t1/x1, . . . tn/xn]→ ∆,Θ given by
(t1, . . . tn, y1, . . . ym).

In the case that ∆ = Γ, xn : A and γ = p(Γ, A), the morphism q(γ,Θ) has
the signature Γ, x : A,Θ → Γ,Θ and is given by (x1, . . . xn−1, y1, . . . ym).
We can think of this as implementing context weakening in the middle of
the context, as opposed to p(Γ, A) which only weakens at the end.

5. Let Γ = x1 : A1, . . . xn : An be a context, a be a term with Γ ` a : A,
and γ = (ti) : ∆ → Γ a context morphism. We write a[γ] for the term
a[t1/x1, . . . tn/xn], and likewise A[γ] for the type A[t1/x1, . . . tn/xn]. We
then have the judgement ∆ ` a[γ] : A[γ].

Proposition 3.1.1. 1. Let (ti) : Γ → ∆, (sj) : ∆ → Θ. Suppose ∆ has the
form y1 : B1, . . . ym : Bm. We may define the composition s ◦ t : Γ → Θ
by (s ◦ t)j = sj [t1/y1, . . . , tm/ym].

2. Composition of context morphisms is associative, and idΓ is its identity.
This means that we can form a category of contexts and context mor-
phisms, with a terminal object [].

3. If Γ ` a : A then p(Γ, A) ◦ ā = idΓ.

4. If (t1, . . . tn, t) : Γ→ (∆, x : A) then p(Γ, A)◦ (t1, . . . tn, t) ≡ (t1, . . . tn) (as
context morphisms Γ→ ∆), and x[(t1, . . . tn, t)] ≡ t : A (as terms)

5. If γ : Γ→ ∆ and ∆, x : A is a well-typed context, then
p(∆, A) ◦ q(γ, x : A) ≡ γ ◦ p(Γ, A[γ]).

6. If γ : Γ→ ∆ and ∆ ` a : A then ā ◦ γ ≡ q(γ, x : A) ◦ a[γ].

7. If Γ ` A Type and x is a fresh variable then idΓ,x:A ≡ (x1, . . . xn, x) where
(xi) = p(Γ, A) = idΓ.

3.2 Modelling dependent types

Now we are ready to provide an answer to the questions of Section 3.1, and
introduce the idea of a categories with families. Just as a CCC is a category
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with extra structure suitable for Modelling the STLC, a category with families
is a category with extra structure that models dependent types. There are
several other approaches to Modelling dependent types (contextual categories,
categories with attributes, and comprehension categories), but we will start
with cwfs because of their intuitive nature, and close relation to the syntax of
dependent types.

To motivate the definition of a cwf we will try once again to construct the
syntactic category of ML type theory. We shall start with a base category of
contexts and context morphisms. For every context Γ we will have a set of types
in context Γ, denoted Type(Γ) = {A | Γ ` A Type}, and for every such type A
a set of terms of type A in context Γ, denoted Term(Γ, A) = {a | Γ ` a : A}.

Recall that every context morphism γ : Γ → ∆ induces a substitution map
−[γ] taking types and terms of ∆ to types and terms of Γ. Furthermore, by
Example 3.1.1, we may also regard a judgement Γ ` a : A as a context morphism
(ā) : Γ→ Γ, x : A. How can we reconcile these two views?

Let’s return to the example of Section 3.1, where we have judgements:

x : A ` t : B

x : A, y : B ` s : C

x : A ` s[t/y] : C[t/y]

and corresponding context morphisms:

t̄ = (x, t) : (x : A)→ (x : A, y : B)

s̄ = (x, y, s) : (x : A, y : B)→ (x : A, y : B, z : C)

s[t/y] = (x, s[t/y]) : (x : A)→ (x : A,w : C[t/y])

s̄ ◦ t̄ = (x, t, s[t/y]) : (x : A)→ (x : A, y : B, z : C)

Now we may apply Proposition 3.1.1.6 to relate the morphisms s̄ ◦ t̄ and
s[t/y].

s̄ ◦ t̄ = q(t̄, z : C[t/y]) ◦ s[t/y] : (x : A)→ (x : A, y : B, z : C)

Another question we may ask is: “what is the relationship between Γ and
Γ, x : A?” We want to somehow characterize the property that Γ, x : A is the
unique context (up to renaming x) that extends Γ by A.

The key idea is that we can form the judgement Γ, x : A ` x : A, so we have
a variable element x ∈ Term((Γ, x : A), A). By variable, we mean that any
term can be substituted for it. More precisely, if we have Γ ` a : A, we can form
the context morphism ā : Γ→ (Γ, x : A). Applying the induced substitution to
x will yield a:

x[ā] ≡ a

Just as every element of Term(Γ, A) induces a morphism ā : Γ→ (Γ, x : A),
so would we like the opposite to be true—the context morphisms should contain
all the information about terms. The following result clarifies this idea.
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Well, if we have a context morphism γ : Γ → (Γ, x : A) then we can form
the judgement Γ ` t : A[γ] where t is the last component of γ. Suppose further
that A[γ] ≡ A. If we write Γ = x1 : A1, . . . xn : An this means that γ =
(x1, . . . , xn, t). So the context morphisms Γ→ (Γ, x : A) that preserve A are in
correspondence with terms Γ ` t : A.

Remark 3.2.1. Note that a context morphism preserves A if and only if it is
a right section to p(Γ, A). This characterization will allow us to generalize the
above statement to any cwf.

3.3 Categories with families

This leads to the following definitions.

Definition 3.3.1. The category of families of sets is denoted Fam. The objects of
Fam are families of sets (Bx)x∈A. A morphism (Bx)x∈A → (B′x′)x′∈A′ consists
of a function f : A→ A′ and a family of functions (gx : Ax → A′f(x))x∈A.

Remark 3.3.1. Note that Fam is equivalent to the arrow category Set→.

Definition 3.3.2 (Adapted from [Dyb95] and [Hof97]). A category with families
is:

1. A base category C. The objects of C are called (semantic) contexts, and
the morphisms are called (semantic) substitutions.

2. A functor T : Cop → Fam. For a context Γ in C we have a family of sets
T (Γ). We write:

T (Γ) = (Term(Γ, A))A∈Type(Γ)

The intuition is that from any semantic context Γ we get a set of seman-
tic types Type(Γ), containing all the types A with Γ ` A Type. Each
component set Term(Γ, A) contains the semantic terms t with Γ ` t : A.

If γ : Γ → ∆ is a morphism of C then T (γ) consists of a function
γ1 : Type(∆) → Type(Γ) and for each a ∈ Type a function γ2,A :
Term(∆, A) → Term(Γ, γ1(A)). For a type A ∈ Type(∆) and a term
a ∈ Term(∆, A) we will write

A{γ} for γ1(A) ∈ Type(Γ)

a{γ} for γ2,A(a) ∈ Term(Γ, A{[γ})

We call these functions (semantic) substitutions on (semantic) types and
(semantic) terms.

3. A terminal object � of C, which we call the empty (semantic) context

Such that, for every context Γ in C and every A ∈ Type(Γ) there is an
extended context Γ;A in C, a first projection that is a morphism p(A) :
Γ;A→ Γ in C, and a second projection, a term vA ∈ Term(Γ;A,A{p(A)}).
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Remark 3.3.2. We call the term v rather than q, as in [Dyb95], to avoid
confusion with the context morphism defined in Example 3.1.1.

These enjoy the universal property that for any morphism γ : ∆ → Γ of
C and term a ∈ Term(∆, A{γ}) there is a unique morphism 〈γ, a〉 : ∆→
Γ;A with

p ◦ 〈γ, a〉 = γ and,

v{〈γ, a〉} = a

Now we are ready to describe the term model of ML type theory. The reason
for our choice of notation in the definition of a cwf will become clear.

Definition 3.3.3. The term model of ML type theory is a category with families,
where:

1. We take C to be the category of (equivalence classes of) well-typed contexts
and (equivalence classes of) context morphisms. We will commit a mild
abuse of notation and denote equivalence classes by their representatives.

2. The terminal object of C is the (equivalence class of) the empty context
[].

3. Now we describe the functor T . For a context Γ we take T (Γ) to be
(Term(Γ, A))A∈Type(Γ), where Type is the set of (definitional equiva-
lence classes of) types A with Γ ` A Type, and Term(Γ, A) is the set of
(definitional equivalence classes of) terms a with Γ ` a : A.

Let γ : Γ→ ∆ be a context morphism. We describe T (γ). First, we have
an action on type-sets, i.e. a map Type(∆)→ Type(Γ). We take this to
be A 7→ A[γ]. We also need, for each A ∈ Type(∆) a map Term(∆, A)→
Term(Γ, A[γ]). We take this to be the map a 7→ a[γ]. That is, the
semantic substitution −{γ} is given by the syntactic substitution −[γ].

Now, If Γ is a context and A a type in Type(Γ) then we take the extended
context Γ;A to be Γ, x : A (where x is fresh). The morphism p : Γ;A→ Γ
is the morphism p(Γ, A) defined above. The term v ∈ Term(Γ;A,A[p])
corresponds to the judgement Γ, x : A ` x : A. We verify that the universal
property holds.

So let γ = (ti) : ∆ → Γ be a context morphism, and a ∈ Term(∆, A[γ]),
so that we have a judgement ∆ ` a : A[γ]. We take 〈γ, a〉 : ∆ → Γ;A to
correspond to the context morphism (t1, . . . tn, a) : ∆→ Γ, x : A.

Now the equalities p◦〈γ, a〉 ≡ γ and v[〈γ, a〉] ≡ a follow immediately from
Proposition 3.1.1.4.

To see uniqueness, suppose θ : ∆→ Γ;A is a context morphism, and write
θ = (t1, . . . , tn, tn+1). Suppose further that p ◦ θ = γ and v[θ] = a.

The first equation implies that the first n components of θ equal those of
γ, and the second implies that the last component of θ is a. So we see
that θ must equal 〈γ, a〉.
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When (C, T ) is a cwf, we may refer to it as just C. Many of the syntactic
context morphisms we defined earlier can be defined as semantic context mor-
phisms in a general cwf, such that the syntactic and semantic versions agree (up
to equivalence) in the term model. We have already seen this agreement with
p(A) and p(Γ, A).

Definition 3.3.4. Let C be a cwf.

1. Let a ∈ Term(Γ, A). Note that A = A{idΓ} (set-theoretic equality),
therefore a ∈ Term(Γ, A{idΓ}) too. Hence define the semantic context
morphism ā by

ā = 〈idΓ, a〉 : Γ→ Γ;A

If C is the term model, the semantic context morphism ā corresponds to
the syntactic morphism ā, for if Γ has variables x1, . . . xn:

〈idΓ, a〉 = (x1, . . . xn, a)

= ā

2. Let γ : ∆→ Γ, and A ∈ Type(Γ). We may define a context morphism

q(γ,A) = 〈γ ◦ p(A{γ}), vA{γ}〉 : ∆;A{γ} → Γ;A

In the term model, we have (writing Γ = x1, A1, . . . xn, An and γ =
(t1, . . . tn).

q(γ,A) = 〈γ ◦ p(A{γ}, vA{γ}〉 : ∆, x : A[γ]→ Γ, x : A

= 〈γ ◦ (x1, . . . xn), x〉
= (t1, . . . tn, x)

= q(γ, x : A)

Now we define a weakening map by induction as:

• A projection p(A) : Γ;A→ Γ, or

• A morphism q(δ,B) where δ is a weakening map.

In the term model weakening maps have the form described in Example
3.1.1.

If γ is a weakening map we may refer to A{γ} and a{γ} as A+ and a+

when there is no likelihood of confusion. If γ : Γ → ∆ is any context
morphism we may refer to q(γ,A) as γ+.

Example 3.3.1. Suppose we have the judgement Γ ` A Type. Then, A ∈
Type(Γ) (in the term model). We do, by weakening, also have the judge-
ment Γ, x : B ` A, and so A ∈ Type(Γ, y : B). In arbitrary cwfs we will still
want to allow such weakenings, but we won’t be able to link semantic types and
contexts to judgements.
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So let’s try a different approach. We have the weakening projection p(B) :
Γ, x : B) → Γ, hence the substitution map −{p(B)} will take a type of Γ to a
type of Γ, x : B. So we have A{p(B)} ∈ Type(Γ, x : B) (which by the notation
convention we can write as A+. In the term model we have Γ ` A{p(B)} ≡
A Type, and in other models we will have similar behaviour.

Hence the intuition behind weakening substitutions is that they allow you
to “cast” (in the programming sense) types A in context Γ,∆ to types in the
extended context Γ;A; ∆, and when both contexts are clear we just write the
cast type as A+.

3.4 Extra structure on cwfs

In this section we define some additional structure on top of a cwf that will model
the features of ML–as the products and exponentials of a CCC are required to
model product types and function types. We mostly follow [Hof97], filling in
some gaps (and correcting some typos) along the way.

The process is straightforward: for every rule concerning type constructors
of ML we add corresponding conditions on a cwf. Throughout this section, let
(C, T ) be a cwf.

Definition 3.4.1. We say that C supports the unit type if:

1. For any Γ there is a type 1 ∈ Type(Γ) and a term ? ∈ Term(Γ,1).

2. For any C ∈ Type(Γ;1) and d ∈ Term(Γ, C{?̄}) there is a term UC(d) ∈
Term(Γ;1, C)

such that for any γ : ∆→ Γ,

UC(d){?̄} = d

1{γ} = 1 ∈ Type(∆)

?{γ} = ? ∈ Term(∆,1)

UC(d){γ} = UC{γ}(d{γ})

Remark 3.4.1. A good way to gain some intuition for this definition (and the
subsequent ones) is to think about what the rules of type theory let you do in
the term model, and then generalize to arbitrary cwfs.

Since for every syntactic context Γ we have Γ ` 1 Type, we should like
to have 1 in the type-set Type(Γ). Similarly, we want a term ? inside every
term-set Term(Γ,1).

How do we handle the elimination rule? The first hypothesis is that Γ, x :
1 ` C Type, i.e. that we have a type C in the extend context Γ, x : 1. This
corresponds to having a type C ∈ Type(Γ;1).

The second second hypothesis is that we have a judgement Γ ` d : C[?/x].
First we note (writing Γ = x1 : A1, . . . xn : An) that the single substitution
C[?/x] can be regarded as applying the context morphism ?̄ = (x1, . . . xn, ?) :
Γ→ Γ, x : 1 to C. So we this is equivalent to having a term d ∈ Term(Γ, C{?̄}).
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The conclusion then states that there is a term Ud with the judgement
Γ, x : 1 ` Ud : C, or in other words, a term in Term(Γ;1, C), which we will call
UC(d).

The computation rule is translated in a similar manner, and finally, we
require that everything is well-behaved with respect to substitution.

It is clear that the term model supports the unit type.

Definition 3.4.2. We say that C supports Π-types if:

(Π-form) For any A ∈ Type(Γ) and B ∈ Type(Γ;A) there is a semantic type
Π(A,B) ∈ Type(Γ).

(Π-abs) For any t ∈ Term(Γ;A,B) there is a semantic term λA,B(t) ∈ Term(Γ,Π(A,B))

(Π-app) For any f ∈ Term(Γ,Π(A,B)) and a ∈ Term(Γ, A) there is a semantic
term AppA,B(f, a) ∈ Term(Γ, B{ā})

such that:

AppA,B(λA,B(t), a) = t{ā}
Π(A,B){γ} = Π(A{γ}, B{q(γ,A)}
λA,B(f){γ} = λA{γ},B{q(γ,A)}(f{q(γ,A)}

AppA,B(f, a){γ} = AppA{γ},B{q(γ,A)}(f{γ}, a{γ})

The equations above are to hold for all types A,B, terms f, t, a and context
morphisms γ : ∆→ Γ.

Remark 3.4.2. The first equation corresponds to the Π-β rule. The other three
specify that the new operators are stable under semantic substitution

Hofmann suggest another way to encode this:

Definition 3.4.3. The cwf C supports Π types if there are operations Π and
λ as above, and for every A ∈ Type(Γ), B ∈ Type(Γ;A) there is a context
morphism

AppA,B : Γ;A; Π(A,B)+ → Γ;A;B

such that

p(B) ◦AppA,B = p(Π(A,B)+) (3.6)

and for every term t ∈ Term(Γ;A,B) we have

AppA,B ◦ λA,Bt{p(A)} = t̄ (3.7)

and for every morphism γ : ∆→ Γ we have

AppA,B ◦ q(q(γ,A),Π(A,B){q(γ,A)}) = q(q(γ,A), B) ◦AppA{γ},B{q(γ,A}
(3.8)
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To assist the reader, we will make the weakening explicit. As we have
Π(A,B) ∈ Type(Γ), we weaken to Γ;A by p(A) : Γ;A→ Γ to get Π(A,B)+ =
Π(A,B){p(A)} ∈ Type(Γ;A).

Remark 3.4.3. Hofmann’s paper contains an error : the λ in equation 3.7 is
missing.

Proposition 3.4.1. These two definitions are equivalent.

Proof. The proof is not very interesting and rather hard to decipher, so we omit
it. The key idea, mentioned in the example below, is that the App morphism
performs application on variables.

Example 3.4.1. The term model supports Π-types in the obvious way. If we
have Γ, x : A ` B Type, then:

Π(A,B) =def Πx:A(B)

λA,B(t) =def λx.t

Appf,a =def fa

Equation 3.6 holds because of the Π−β rule. The other equations hold because
semantic substitution corresponds to syntactic substitution, and we have rules
specifying that substitution preserves judgements.

Note that (writing Γ = x1 : A1, . . . xn : An) the App morphism corresponds
to the context morphism

App : (Γ, x : A, y : Πx:AB)→ (Γ, z : A,w : B)

App = (x1, . . . xn, x, yx)

In other words, it performs application on variables only, and we recover appli-
cation on all terms by using substitution. To make this precise, suppose that
Γ ` a : A, f : Πx:AB, so we can form the context morphism

f̄ ◦ ā = (x1, . . . xn, a, f) : Γ→ Γ, x : A, y : Πx:AB

and then notice that

App ◦ f̄ ◦ ā = (x1, . . . xn, x, fa)

= AppA,B(f, a)

Definition 3.4.4. We say that C supports Σ-types if:

For any A ∈ Type(Γ) and B ∈ Type(Γ;B) there is a semantic type
Σ(A,B) ∈ Type(Γ).

There is a morphism PairA,B : Γ;A;B → Γ; Σ(A,B)

For any C ∈ Type(Γ; Σ(A,B)) and any term c ∈ Term(Γ, C{PairA,B})
there is a term EA,B,C(c) ∈ Term(Γ; Σ(A,B), C)
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such that the following conditions hold:

p(Σ(A,B)) ◦ PairA,B = p(A) ◦ p(B)

EA,B,C(c){PairA,B} = c

, and all of these morphisms and operations are stable under substitution (from
now on we will omit writing out these stability conditions, as the notation is
dense and doesn’t add much). The first equation says that Pair doesn’t touch
Γ, and the second models the Σ-elim rule.

Example 3.4.2. The term model supports Σ types, for we may take (writing
Γ = x1, A1, . . . xn, An):

Σ(A,B) =def Σx:A(B)

Pair(A,B) =def (x1, . . . xn, 〈x, y〉) : (Γ, x : A, y : B)→ (Γ, z : Σx:AB)

EA,B,C(c) =def Ec

Note that, as before, the Pair morphism performs pairing on variables, and
substitution can handle the other cases.

Definition 3.4.5. We say that C supports intensional Id types if

1. For each type A ∈ Type(Γ) there is a type IdA ∈ Type(Γ;A;A+)

2. There is a morphism ReflA : Γ;A→ Γ;A;A+; IdA

3. For every C ∈ Type(Γ;A;A+; IdA) and any term d ∈ Term(Γ;A,C{ReflA})
there is a term JA,C(d) ∈ Term(Γ;A;A+; IdA, C)

such that

(IdA) ◦ ReflA = vA : Γ;A→ Γ;A;A+

JA,C(d){ReflA} = d

and the same sort of stability under substitution conditions hold. The first rule
ensures that Refl doesn’t touch Γ and duplicates vA, while the second says that
the Id-elim rule holds.

Example 3.4.3. The term model supports intensional Id types, for if we write
Γ = x1, A1, . . . xn, An then:

IdA =def IdA(x, y) ∈ Type(Γ, x : A, y : A)

ReflA =def (x1, . . . , xn, x, x, r(x)) : (Γ, x : A)→ (Γ, y : A, z : A, p : IdA(y, z))

JA,C(d) =def Jd

Definition 3.4.6. Say that C supports extensional Id types if it supports inten-
sional Id types, and furthermore:
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1. Whenever A ∈ Type(Γ) and C ∈ Type(Γ;A;A+; IdA) and
c ∈ Term(Γ;A;A+; IdA, C) then c = JA,B(c{ReflA})

The next proposition is not completely obvious, so we prove it.

Proposition 3.4.2. The term model of extensional ML supports extensional Id
types.

Proof. Fix a context Γ = x1 : A1, . . . xn : An. Suppose Γ ` A Type and
∆ =def Γ, x : A, y : A, z : IdA(x, y) ` c : C.

Consider the context morphism γ =def p(A) ◦ p(IdA(x, y) : ∆ → Γ, x : A,
which we can concretely write as:

(x1, . . . xn, x)

Now consider the composition

ReflA ◦ γ : ∆→ ∆

ReflA ◦ γ = (x1, . . . , xn, x, x, r(x))

Note that we have the judgements

∆ ` z : IdA(x, y)

∆ ` x ≡ y : A

∆ ` z ≡ r(x) : IdA(x, y)

by the extensionality rule.
Hence we may conclude a (syntactic, and therefore semantic in the term

model) equivalence of context morphisms ReflA ◦ γ ≡ id∆.
Now we may compute:

JA,C(c{ReflA}) = JA,C(c{ReflA}){ReflA ◦ γ}
= (JA,C(c{ReflA}){ReflA}) {γ}
= (c{ReflA}) {γ}
= c{ReflA ◦ γ}
= c

So the extensional term model supports extensional identity types, as desired.

Definition 3.4.7. Say that C supports ML if it supports unit types, Π types, Σ
types, and Id types. If, in addition, it supports extensional Id types we say that
C supports extensional ML.
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3.5 An interpretation function

Let C be a cwf that supports ML. The goal of this section is to show how we
might define a function J−K that will take:

Well-typed contexts Γ to semantic contexts JΓK in C
Judgements Γ ` A Type to semantic types JAK ∈ Type(JΓK)
Judgements Γ ` a : A to semantic terms JaK ∈ Term(JΓK, JAK)

There are two possible approaches. The first and more standard, as seen
in [AT10], is to define J−K by induction on derivations of judgements. The
problem is that derivations of judgements need not be unique, so we will need
to additionally prove that different derivations of the same judgement yield
equal results.

Hofmann uses a different method, inductively defining a partial interpreta-
tion function J−K that sends (potentially non-well-typed):

Contexts Γ to JΓK in C
Contexts Γ and types A to JAK ∈ Type(JΓK)
Contexts Γ and terms a to JaK ∈ Term(JΓK, A), for some A ∈ Type(JΓK).

Then it is shown that this interpretation function is defined on well-typed
contexts, types, and terms. The proof of this is by induction on derivations of
judgements.

The proof that the usual soundness and completeness properties are satisfied
is straightforward but rather involved. For lack of space we omit it.

3.6 Fibrations and comprehension categories

Categories with families are simple and straightforward to understand, but the
definition feels rather synthetic. In contrast, comprehension categories (intro-
duced by Jacobs in [Jac93]) have a more minimal notation, and a cleaner cate-
gorical theory. We begin by recalling some definitions.

Definition 3.6.1. Let p : E → B be a functor. A morphism f : D → E in E is
called strong cartesian over the morphism u : A→ B in B if:

1. pf = u, and

2. For any f ′ : D′ → E in E and v : A′ → A in B with pf ′ = u ◦ v there is a
unique φ : D′ → D with f ′ = f ◦ φ and pφ = v.

We call the functor p a fibration if for every object E in E and morphism
u : A→ pE in B there is a strong cartesian f : D → E over u.

Remark 3.6.1. This is a generalization of a fibration in topology, a map that
satisfies the homotopy lifting property. Just as we can think of a topological
fibration as consisting a fiber space that “varies” (or is indexed by) the base
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space, so too can we think of a categorical fibration as a fiber category that
varies over a base category.

If p : E → B is a fibration, then for any B in B we may define the fiber
category p−1B. The objects of p−1(B) are objects E in E with pE = B, and
the arrows are f : E → E′ in E with pf = idB .

In this way we can define a functor Bop → Cat from any fibration (often
called the Grothendieck construction), and in fact the converse is true too.

Definition 3.6.2. A comprehension category is a functor P : E → B→ such that:

1. cod ◦ P : E → B is a fibration, and

2. Whenever f is a strong cartesian morphism in E the morphism Pf in B
is a pullback.

Recall that B→ is the arrow category of B. Its objects are arrows f : A→ B
in B, and a morphism from f : A → B to g : C → D consists of two arrows
h : A→ C and j : B → D such that the square below commutes:

A B

C D

f

h j

g

The functor cod : B→ → B sends objects f : A → B to their codomain, B,
and morphisms (h, j) to their second component.

Proposition 3.6.1. Any cwf is also a comprehension category.

Proof. Let (C, T ) be a cwf. There is an evident functor Type : Cop → Set
that sends contexts Γ to Type(Γ) and context morphisms γ : Γ → ∆ to the
substitutions −{γ} : Type(∆)→ Type(Γ).

We take E to be the category whose objects are pairs (Γ, A) with Γ a context
of C and A ∈ Type(Γ). For every morphism γ : ∆ → Γ in C we have a
corresponding morphism γ̃ : (∆, A{γ})→ (Γ, A) in E .

Now we take P : E → C→ to be the functor that sends

• Objects (Γ, A) to p(A) : Γ;A→ Γ, and

• Morphisms γ̃ : (∆, A{γ})→ (Γ, A) to (q(γ,A), γ).

To confirm that the action on morphisms is well defined, form the diagram

∆;A{γ} ∆

Γ;A Γ

p(A{γ})

q(γ,A) γ

p(A)
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Noting that q(γ,A) =def 〈γ ◦ p(A{γ}), vA{γ}〉 it follows that

p(A) ◦ q(γ,A) = p(A) ◦ 〈γ ◦ p(A{γ}), vA{γ}〉
= γ ◦ p(A{γ})

so the diagram commutes, as desired.
Let p = cod ◦ P : E → C. We want to show that p is a fibration. Let (Γ, A)

be an object of E , and γ : ∆ → Γ. We will show that γ̃ is strongly cartesian
over γ. Certainly pγ̃ = γ. Furthermore, suppose δ̃ : (Θ, A{δ} → (Γ, A) is a
morphism of E , and ε : Ω→ ∆ a morphism of C with pδ̃ = γ ◦ ε. As pδ̃ = δ = δ,
we see that δ = γ ◦ ε, and we may take φ : (Θ, A{δ}) → (∆, A{γ}) to be ε̃. So
it follows that p is indeed a fibration.

Now we need to confirm that the commutative square above is actually a
pullback. So suppose we have a context Θ and morphisms δ, ε such that the
diagram below commutes.

Θ

∆;A{γ} ∆

Γ;A Γ

δ

ε

p(A{γ})

q(γ,A) γ

p(A)

Note that vA ∈ Term(Γ;A,A{p(A)}), so therefore

vA{ε} ∈ Term(Θ, A{p(A) ◦ ε})
= Term(Θ, A{γ ◦ δ})

Hence we may take φ : Θ→ ∆;A{γ} to be 〈δ, vA{ε}〉. By the universal property,
we have

p(A{γ}) ◦ φ = p(A{γ}) ◦ 〈δ, vA{ε}〉
= δ

So the top triangle commutes, as required.
We may also form the morphism

ψ : Θ→ Γ;A

ψ = 〈γ ◦ δ, vA{ε}〉

By the universal property, this is the unique morphism with
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• p(A) ◦ ψ = γ ◦ δ, and

• vA{ψ} = vA{ε}

But note that ε and q(γ,A) ◦ φ also satisfy these equations, for:

p(A) ◦ ε = γ ◦ δ
p(A) ◦ q(γ,A) ◦ φ = p(A) ◦ 〈γ ◦ p(A{γ}), vA{γ}〉 ◦ φ

= γ ◦ p(A{γ}) ◦ 〈δ, vA{ε}〉
= γ ◦ δ

and

vA{ε} = vA{ε}
vA{q(γ,A) ◦ φ} = vA{〈γ ◦ p(A{γ}), vA{γ}〉}{φ}

= vA{γ}{〈δ, vA{ε}〉}
= vA{ε}

Hence it follows that ε = q(γ,A)◦φ, and so the diagram commutes. Uniqueness
of φ follows from the universal property of 〈−,−〉.
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Chapter 4

Conclusion

We have introduced Martin Löf’s dependent type theory, and its intensional and
extensional variants. We have explored the three interesting type constructors,
Π, Σ, and Id, and we have commented on how identity types allow for a rich
groupoid structure on types—the “homotopical perspective”.

In order to understand the categorical semantics of dependent types, we had
to take a closer look at contexts, and define context morphisms. The key issue
is that contexts of the simply typed lambda calculus really are just made up of
their types, with no regard for order or any other structure, but in a dependent
type theory, types in a context may depend on previous types. This means that
types and terms aren’t absolute, they only make sense with respect to a context.

Categories with families are an intuitive model of ML type theory. A cwf
consists of a base category of contexts and context morphisms, and for each
context, a set of terms in context indexed by the set of types in context. Just
as a CCC is a category with extra structure to model the type constructors of
the STLC, we defined notions of extra structure on cwfs that model the type
constructors of ML. We defined the term model as a cwf, and showed that it
supports this extra structure.

Finally, we take a step back and generalize the notion of a cwf to a compre-
hension category, a (perhaps) less intuitive model of dependent types, but with
a cleaner categorical formulation.
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[Mar75] Per Martin-Löf. “An intuitionistic theory of types: Predicative part”. In:
Studies in Logic and the Foundations of Mathematics. Vol. 80. Elsevier,
1975, pp. 73–118.

[How80] William A Howard. “The formulae-as-types notion of construction”. In: To
HB Curry: essays on combinatory logic, lambda calculus and formalism.
Academic Press, 1980, pp. 479–490.
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